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ABSTRACT 
Galloping is a low frequency transmission line vibration that has 
attracted the attention of many researchers. At least two mechanisms 
have been proposed to explain this phenomenon. Xhey are the Den Hartog 
theory and the torsional theory. The current study proposes that the 
axial-torsional coupling parameter provides a theoretical explanation 
for the torsional theory. Simpson's model was used as the basic model 
and was modified to incorporate the coupling effects. Both the 
Cubic—Spline and the fourth order Runge—Kutta numerical techniques were 
used in the computer simulation. The validity of the computer 
simulation results were checked against the taut string model. Shea's 
critical sag criterion, and experiments on thin wire catenary. The 
results from the current study support the torsional theory as the 
primary mechanism for galloping. Two case studies of stability were 
conducted; It was found that Mathiee's type of instability is 
potentially a hazard. 
The simulation program seems adequate to handle the complex cable 
vibration. The study can be extended to a three span model that has 
elastic suspension rods. 
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CHAPTER I. INTRODUCTION AND LITERATURE SURVEY 
Review of Galloping 
There are two types of mechanical vibrations of overhead 
transmission lines: 'Aeolian' (or 'Sining') and 'Galloping' (or 
'Dancing') vibrations. The aeolian vibrations are produced by a 
regular formation of air vortices behind the conductor (the so called 
von Karman vortex trail). Pressure differences from these alternately 
shedding vortices create an alternating force acting in a direction 
normal to the wind direction. If the frequency of this wind force 
approaches one of the natural frequencies of the conductor, a resonant 
vibration will result. Aeolian vibration is a forced vibration, whose 
excitation frequency is a function of the wind velocity and the 
conductor size. The problem of aeolian vibrations has been 
satisfactorily alleviated by several different means, such as the use 
of torsional dumbell damper developed by Hydro-Electric Power 
Commission of Ontario, and the Stockbridge damper. Research in this 
type vibration has diminished somewhat in recent years. At the same 
time, problems associated with low-frequency conductor vibration have 
attracted increasing attention. 
The galloping conductor vibration is a fundamentally different 
phenomenon. Galloping appears to be a low-frequency, self-escited 
vibration. Most galloping occurs when the conductor cross section is 
misshaped by ice or other foreign materials. The misshaped profile 
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produces an aerodynamic instability. The round shape of the bare 
conductor is aerodynamically stable. However» bare conductor galloping 
has been observed under very special, but rare, circumstances. 
At least two mechanisms have been proposed to explain the 
phenomenon of galloping. They are the Den Hartog theory and the 
torsional theory. The Den Hartog theory [1,2] argues that instability 
occurs when the negative slope of the lift coefficient is larger than 
the drag coefficient. GoTo and Koike [3] utilize the Den Hartog 
mechanism to suggest a method for preventing galloping. Ruedy [4] 
proposed that torsional motion is an integral part of the galloping 
phenomenon, and its coupling with the transiational motion is 
responsible for most cases of large amplitude vibrations. Ruedy [4] 
and Cheers [5] suggested that the torsional displacements had a 
considerable effect on the instability of the conductor during the 
initiation of the vibration. 
Nigol and Buchan [6,7] did a extensive study about the vibration 
of a model transmission lins under a simulated enviroianent. They 
concluded that the Den Hartog mechanism is not the cause of galloping. 
It was their opinion that galloping is caused largely by a self-excited 
torsional mechanism. The torsional theory suggests that galloping is 
caused by wind induced torsional oscillations of the iced conductor 
that generates vertical oscillatory aerodynamic forces. 
Gawronski and Hawk [8,9] simulated out—of plane vibration of a 
bundled transmission line on a computer. Their result seems to match 
the experimental result by J. J. Ratkowski [10]. Nigol, Clark, and 
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Howard [11] utilized the same torsional theory to calculate torsional 
moments and stiffness of bundle conductors. 
McConnell and Zemke [12], Zemke [13] studied the coupled 
azial-torsional properties of ACSR electric conductors and suggested 
that this coupling effect may play an important role in determing the 
critical frequencies of a transmission line. Samras, Skop and Milburn 
[14] studied the dynamics of under water stranded cables. They 
obtained a result similar to that of McConnell and Zemke [12] on the 
torsional-eztensional properties. Samras, Skop and Milburn went on to 
develop a theoretical vibration model of the oscillations in axial 
direction of straight and stranded ropes under axial tension. They 
concluded that this coupling property of a stranded cable played a role 
in determing the critical frequencies for a rope that stretched between 
the ocean floor and the surface. However, their analysis was based on 
a linear model which is rather limited in its application because a 
nonlinear system can behave quite differently than a linear system. 
Also, the axial oscillation may not be as important as the lateral 
motion. Therefore, Samras's study can not be readily applied to a 
sagged transmission line which is nonlinear in nature and the lateral 
motion is predominant over axial motion. This study is concerned with 
how the coupling parameter affects the lateral vibration of a sagged 
transmission line. In order to concentrate the study on cable dynamics 
itself, the aerodynamic effect is deliberately excluded. 
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Review of Sagged Cable Dynamics 
During the first half of the eighteenth century, the theory of 
vibration of a tant string was developed [15,16]. In 1732, Daniel 
Bernoulli investigated the transverse vibrations of a uniform cable 
supported at one end and hanging under gravity. The same problem was 
also discussed by Euler nearly fifty years later in 1781. Both 
Bernoulli and Euler gave the solution for the natnrnal frequencies in 
the form of an infinite series. This series is now represented by a 
zero order Bessel function of the first kind, and so their work on this 
mechanical problem was a forerunner of the theory of Bessel functions 
[17,18]. At this time, the theory of partial differential equations 
was still in its infancy. 
By 1788, Lagrange and others before him had obtained solutions 
with varying degrees of completeness for the vibrations of an 
inextensible, massless string, fixed at one end, from which numerous 
weights were hung. The general equations of motion of discrete systems 
were first given by Lagrange in 1788. The most important contribution 
to the theory of cable vibrations came in 1820 when Poisson published a 
paper which gave the general Cartesian partial differential equations 
of the motion of a cable element under the action of a general force 
system. Poisson used these equations to improve the solutions 
previously obtained for the vertical cable and taut string vibrations. 
By 1320, solutions had been obtained for the linear, free 
vibrations of uniform cables, the geometries of which were the limiting 
forms of the catenary. No result had been obtained for the free 
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vibrations of cables where the sag to span ratio was neither zero nor 
infinite. In collaboration with Stokes, Rohrs [19] obtained an 
approximate solution for the symmetric vertical vibrations of a uniform 
suspended cable where the sag to span ratio was small, although 
appreciable. He obtained his solution by using a form of Poisson's 
general equations. The cable was assumed inextensible. 
At this point, the subject appears to have been laid to rest until 
Rannie and von Karman independently derived results for both the 
symmetric and antisymmetric vertical vibrations of an inextensible, 
three-span cable. These recent works were prompted by the failure of 
the Tacoma narrow suspension bridge in 1940. 
Saxon and Cahn [20] made a major contribution to the theory of the 
in-plane vibrations. They obtained solutions which effectively reduced 
to the previously known results for inextensible cables of small sag to 
span ratios. However, by assuming the cable to be inextensible, Saxon, 
Cahn and others were led to the wrong conclusion regarding the 
sysssetrisal in-plaae asodes: 
Review of Numerical Technique for Cable Dynamics 
An interesting approach to solving the cable equations involves 
rate variables [21]. The equation is linearized and then, a backward 
finite difference relation is used to express the higher order time 
derivatives in terms of the velocities. The resulting equations are 
then solved numerically. Other techniques used to solve the cable 
differential equations include both separation of variables [22] and 
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perturbation methods [23,241 . The first approach seeks to define the 
spatial variables in terms of generalized coordinates and thus reduces 
the equations to a set of discrete ordinary differential equations in 
time. The perturbation techniques linearize the equations by focusing 
on a small variation about an equilibrium configuration. 
The quest for a more general modeling procedure has led to the 
development of a general technique that begins with a discrete element 
model. The governing partial differential equation for a complex 
system are not derived because the form of spatial variation is implied 
by the collection of discrete elements. Furthermore, if simple forms 
are chosen for the elements, the entire solution process can be reduced 
to a relatively simple set of operations. 
Early intuitive knowledge led to a technique called the lumped 
parameter method. The technique involves lumping the effects of mass, 
internal reactions, and external loads at a finite number of points 
(nodes) in the system. The equations of equilibrium and continuity are 
applied to these peints, and a set of discrete equations is developed. 
In effect, the continuous system is modeled as a set of discrete rigid 
masses and massless springs. The lumped parameter method by—passes the 
governing equations, and the discrete equations are assembled directly 
from simple discrete elements. 
One early application of the lumped parameter method was the study 
of under—water cable dynamics in 1959 [25]. In recent years a number 
of computer programs have been developed using this technique. The 
most common approach assumes that the cable element is a straight line 
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with constant tension between the lumped masses (nodes). The discrete 
contributions to the equations of motion are summed at each node snch 
that a specific arrangement of cables is assumed. Cable element 
tensions are determined from the instantaneous position of the nodes 
using the local strain and stress-strain relation. 
Griffin and Patton 126] solved this set of simultaneous ordinary 
differential equations using a fourth order Runge-Kutta routine. Liu 
[27], Thresher and Nath [28,29] used predictor-corrector methods. 
Walton and Polacheck [25] used an explicit finite difference scheme. 
Burrough and Benz [30] dealt with noncircular towing cables by 
including lift forces and torsional resistance in the model and solved 
the equations with an analog computer. Patel [22] represented the 
cable segments with a trigonometric series instead of a straight line. 
In each formulation, the spatial coordinates of the lumped masses or 
the displacements of the masses are the unknowns. 
Morris and Birnstiel [31] used a lumped parameter approach which 
they called an intuitive fosas of finite element method. This 
method requires the development of mass and stiffness matrices for a 
cable network. They compared various linear and nonlinear solutions to 
experimental data. This work evolved from an earlier lumped parameter 
approach to cable roof structures [32]. 
The finite element method can also be used to develop a spatial 
discrete element model. Less intuitive than the lumped parameter 
approach, the finite element method utilizes interpolation functions to 
describe the behavior of a given variable internal to the element in 
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terms of a set of generalized coordinates (usually the displacements of 
the nodes defining the elements). The interpolation function that 
defines the relationship between the generalized coordinates and the 
displacement at any point on the element is applied to classical 
kinematic relations (strain, displacement), constitutive relations 
(stress, strain), and the equation of dynamic equilibrium. The 
equations of motion for a single element can thus be obtained. The 
contributions of all elements in the system are assembled, and the 
boundary conditions are introduced to derive a set of equations having 
the form of a second order differential equation. The finite element 
method grew out of the efforts of investigators studying aircraft 
structural problems in the 1950s [33,341 . This area of research has 
been vigorously pursued since then and the finite element method is now 
recognized as a general tool for dealing with boundary value problems 
of mathematical physics [35]. 
Leonard [36] used incremental solution techniques and a composite 
set of interpolation functions to study the dynamics of eables with low 
initial tension. He chose two separate forms for the displacement and 
slope of the element. Tke displacement was modeled with a linear shape 
function. Tke slope was expressed as a function of the nodal 
displacements using Chebyshev polynomials. In his earlier work [37], 
he used straight line elements. A computer program [38] extending 
Leonard's works to include underwater effects has been developed. 
Other applications of finite element techniques to the cable 
dynamics problem have been published by Morgan [39], Bathe, Ramm and 
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Wilson [40]. One paper [39] dealt only with axial wave propagation. 
The other [40] used straight elements in a general purpose nonlinear 
computer program called N(9ISAP [41]. 
A common approximation in dynamic analysis of cable structures 
involved nonlinear solution methods to obtain a steady state reference 
state. Linearized small displacements were used for dynamic effects. 
Other applications include modal analysis techniques by Henghold, 
Russell and Morgan [42,43], Gambir and Batchelor [44]. The work of 
Henghold and Russell [42] is noteworthy for the concise development of 
a quadratic isoparametric cable element. Pilkey, Eav il and and Gang 
[45], Gale [46], Lubkin and Stoker [47] applied the finite element 
technique to a cable structure. Most cable finite element methods 
neglect the bending stiffness. 
The highly nonlinear nature of sagged cable dynamics has been 
recognized for some time up through the late 1960s. An area of study 
that is apparently not receiving sufficient attention is calculating 
the initial configuration of a sagged cable. Because of the strong 
geometric nonlinearity, it is difficult to obtain a stable numerical 
description of the static equilibrium state. In this study, a fourth 
order Runge—Kutta numerical technique was employed to determine the 
static equilibrium state. The governing dynamic differential equations 
for the entire structural system were developed. The cubic spline and 
fourth order Runge-Eutta methods were applied to these equations in 
order to simulate the cable vibration. 
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CHAPTER II. AXIAL-TDRSIONAL PROPERTIES OF STRANDED CABLES 
Coupling Parameter 
Ruedy [4], Cheers [5], Nigol and Buchan [7] all agreed that 
torsional motion is very important to galloping, at least at the 
initiation stage. However, none has yet to propose a mechanism to 
explain how the rotational motion causes vertical motion. HcConnell 
and Zemke [12] studied the azial-torsional coupling effect of ACSR 
conductors and showed that a cable with n layers of wires containing 
strands have the coupled constitutive equations of 
(2-1) P = AEOu/ds) + BO0/as) 
(2-2) T = BOu/as) + JGOe/3s) 
where AE = axial stiffness of the cable (lb) 
B = coupled Stiffness of the cable (lb—ft) 
TG = torsional stiffness of the cable (Ib-ft*) 
P = Tension (lb) 
T = Torque (Ib-ft) 
However, at the time of their study, they were not aware of the 
potential importance of this coupling parameter B in the study of 
galloping and cable dynamics. Samras, Skop and Hilburn [14] studied 
the coupling effect of stranded under water cables. The coupling 
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effect developed separately by these tiro groups (conductor and 
under-water cable) suggests that coupling may provide a potential 
theoretical explanation for the torsional mechanism that appears to 
control galloping. This possible link between the torsional mechanism 
and the coupling effect of the stranded cable was not recognized by 
either group of researchers (galloping and cable dynamics) . Samras, 
Skop and Milburn [141 made an attempt to study the dynamic effect of 
this coupling parameter by studying the wave motion in the axial 
direction. This study was interesting but rather limited in its 
application. After all, it is not trivial at all how a torsional 
motion will initiate vertical motion. Though, it is quite clear that a 
torsional motion will cause axial motion from Eqs. (2-1) and (2-2). 
At this point, it is quite clear that the purpose of this study is 
to provide a theoretical background for the torsional mechanism by 
using the coupling parameter of the stranded cable. This study may 
provide a theoretical explanation for the torsional mechanism. Also, 
the result would lead to a better transmission line design. To achieve 
this purpose, a set of general dynamic governing differential equations 
of the sagged transmission line is required. This set of governing 
differential equations must include the axial, lateral and torsional 
motion. Axial and torsional motion must be prescribed by Eqs. (2-1) 
and (2-2). Simpson's model [48] was selected from the literature 
sofvey. This model is modified by incorporating the coupling parameter 
that was introduced by McConnell and Zemke. Simpson's model is crucial 
to the current study so it is presented in detail in the next chapter. 
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Coupling Effect on the Axial Vibration of 
a Linear Model 
From Eqs. (2-1) and (2-2), it is clear that a tensile load 
produces both an axial deformation and a rotational deformation. 
Similarly, a torsional load results in simultaneous rotational and 
axial deformation. An understanding of the torsional behavior of 
stranded cable and its relationship to tensile loading is important as 
a first step in describing the behavior of the vibration of a coupled 
cable. The mathematical technique used by Samras in studying the 
under—water cable is also valid in studying the cable dynamics. This 
method is briefly presented below. Detailed work is contained in the 
paper by Samras, Skop and Hilburn [141. It was hoped that the result 
of a linear model could be applied to a shallow catenary. In Fig. 
(2-1), a segment of stranded cable was sketched along with tension and 
torque loadings. The differential equation of the axial motion of an 
uncoupled cable is well-known 
a'u a^u (2—3) AE —— = m — 
3s® 0t* 
where AE = axial stiffness (lb) 
u = axial deformation (ft) 
s = axial coordinates of the straight cable (ft) 
m = mass per unit length (lb-sec®/ft*) 
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If torsion and the coupling effect are included, Eq. (2-3) can be 
expanded as 
a'u 3®e a'u (2—4a) AE + B — = m — 
3s® 3s' 3t' 
a'u 3®6 3*0 (2-4b) B + GJ = I 
3s® 3s® 3t® 
where 6 = angular displacement 
B = coupling parameter (Ib-ft) 
GJ = torsional stiffness (Ib-ft®) 
I = mass moment inertia per unit length (lb-sec*-ft^) 
To examine the type of waves propagated in the coupled cable, a 
sinusoial solution is assumed 
(2-5a) u(s,t) = nei(ks-wt) 
(2-5b) 9(s,t) = 9gi(ks-wt) 
Where IF and 6 are constant wave amplitudes while k and w are wave 
number and frequency of the wave. Substitution of the assumed 
solutions into Eq. (2-4) yields the two homogeneous equations of 
(2-6a) (AEk* - mti)')lJ + (Bk* )e  = 0 




where s = location of an arbitrary point under loading 
z  =  a x i a l  c o o r d i n a t e s  
u  =  a x i a l  d e f o r m a t i o n  
0  =  r o t a t i o n  d e f o r m a t i o n  
C  =  r e a c t i v e  t o r q u e  
f  =  a x i a l  l o a d i n g  
q  -  t o r q u e  l o a d i n g  
Figure 2-1. Segment of the coupled cable with loadings 
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For a nontrivial solution to exist, the determinant of the coefficient 
matrix must vanish and the characteristic equation becomes 
(AEk^-mu*)(GJk^-Iu*) - = 0 
The solution for is 
(2-7) k® = (Û® 
where Ci i is the wave speed and can be expressed as 
2(AEGJ-B') (2-8) Ci 2* = (AEI+GJm) ±[ (AEI-GJm) * +4mIB » 1 »/ * 
The ratio of torsional to extensional oscillations are obtained from 
Eq. (2-6) to be 
0 (mCi,i*-AE) 
(2-9) Ri 2 = : = —: 
' U B 
Substituting Eq. (2-9) into Eq. (2-5), the solution for 
eztensional-torsional oscillation of a stranded cable becomes 
(2-lOa) u(s,t) = [tbeiws/Ci + U2e"i"s/Ci 
+ tbeiws/Ci + xj^g-i(i)s/Ca] g-iwt 
(2-1 Ob) e(s.t) = [Ri(Uiei«^s/Ci + n,e-iws/Ci) 
+ Ra(U3ei<^s/^» + tke-iws/C*)] e-iw* 
Where Ui, Us, Us, U4, are arbitrary constants which can be determined 
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by boundary conditions. The corresponding solution for the uncoupled 
cable is readily obtained from Eq. (2-3) as 
(2-11) u(s,t) = [Ib'e(iwt/Ce) + l^/e(-iws/Ce)] g-wt 
where Cg=[AE/m]^/*, and Di', Vz' are again arbitrary constants. The 
arbitrary constants are obtained from the boundary conditions. One 
special case is reviewed here to demonstrate the coupling effect on the 
axial motion natural frequencies. Consider a linear stranded cable 
model that is clamped at both ends (fixed-fixed) giving four boundary 
conditions of 
u(0,t) = 0 u(L, t) = 0 
0 (0 , t )  =  0  e (L , t )  =  0  
which, when applied to Eq. (2-10), give four algebra equations of 
(2-12a) (Uz + U4) =0 
(2-12b) [nisin(<i>L/Ci) + U2C0S(ti>L/Ci) 
+ n3sin((oL/C3) + n4Cos((i)L/Cs)] = 0 
(2—12c) (RiUs + R3U4) = 0 
(2-12d) [Rinisin((i>LCi) + RiUzcosOdL/Ci) 
+ (R3U3sin((i)LC2) + S2ÏÏ4cos(a>L/C2)] = 0 
The critical natural frequencies are obtained by setting the 
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determinant of the coefficient matrix to zero. 
Ri*sia((i>L/Ci)sin((i>L/C2)+RiR3sin((i>L/Ci) sin((i>L/C3) -
RxR3sin((i>L/Ci)sin((i)L/C2)-R2*sin((i>L/Ci)sin((i>L/Ca) = 0 
which can be reduced to 
Risin((aL/Ci) sin((i)L/C3)-Rasin((i)L/Ci) sin((aL/Ca) = 0 
and further simplified to 
(Rx*-Ra*)sin((oL/Ci)sin(<iiL/Ca) =0 
This leads to the following 
(liL biL (2-13) — = nn or — = mit 
Cl Ca 
For an uncoupled cable, the corresponding equation is 
wL (2-14) — = nn 
^e 
In Fig. (2-2), the three lowest resonant frequencies are plotted as 
a function of cable length L for the DRAKE transmission line. The 
three lowest frequencies of the uncoupled cable are also plotted on the 
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same graph. The coupling effect clearly decreased the axial natural 
frequencies by a significant amount. This result is important by 
itself. However, caution must be exercised when a linear model is used 
to study a nonlinear phenomenon. Also, the result for this axial 
vibration may not necessarily carry over to that of lateral vibration. 
It would be rather naive to assime that the above result can be readily 
applied to the sagged transmission line vibration. 
It is the author's opinion that a more general model that include 
axial, lateral and torsional motion must be used to have a meaningful 
study on the coupling effect of a sagged transmission line. Such a 
model is presented in Chapter IV and numerically simulated in Chapter 
V. 
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f l ' :  U n c o u p l e d  c a b l e  
fi : Coupled Cable 
I I I t I I 
100 1000 
LENGTH (FT) 
Figure 2-2. Three lowest axial resonant frequencies 
of coupled and uncoupled cables 
end conditions: clamped~clamped 
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CHAPTER III. STABILITY ANALYSIS (TWO CASE STUDIES) 
A string with both ends fixed and subjected to initial tension 
generates a classical tant string vibration problem. The governing 
differential equation and its solution are well known. However, the 
lateral vibration problem of a taut string can be very different if the 
classical assumptions for the taut string are changed. Tvo simple 
examples are considered here. 
Stability Problem of a Pretensioned .String Subject to 
Simple Sine or Cosine Load [47] 
In Fig. (3-1), a simple sketch shows a pretensioned string 
subjected to sinusoial loads at both ends. The differential equation 
for the lateral deflection w(x,t) is well known to be as follows 
a'w , , a'w (3-1) m = F(t) 
at» ax* 
where m is the mass per unit length. Assnme that F(t) is given by 
(3-2) F(t) = P + Qcos2nft 
In Fig. (3-1), F(t) has a constant initial tension P plus a harmonic 
component of amplitude Q and frequency f. 
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The longitudinal displacement u(x,t) of the string is governed by the 
partial differential Eq. of 
I— ' 
Figure 3.1 A pre-tensioned string subject to sinsoial load 
at both ends 
where p is the density of the string (mass per unit volume). The total 
force F(x,t) transmitted through any cross section of the string of 
area A is given by 
du (3-4) F(x,t) = AE 
dx 
Assume boundary conditions as follows 
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x=0 u=0 
x=L/2 AEOu/dz) = P + Qcos2nft = F(L/2,t) 
Then from Eq. (3-3), it can be readily shown that 
cosXz (3-5) F(z,t) = P + Q ——- cos2nft 
cos(XL/2) 
(3-6) % = 2nf(p/E)i/' 
It is convenient to introduce the fundamental frequency» fo, for the 
free longitudinal vibration of the string. The string vibration has a 
single node at the center because of the symmetrical geometry and 
symmetrical loading. The fundamental frequency fo can be expressed as 
(3-7) fo = (l/2L)(E/p)*/' 
so that F(z,t) become: 
cos(nfz/foL) 
(3-8) F(z,t) = P + Q cos2nft 
cos(nf/2fo) 
It is convenient to introduce the following new parameters: 
H = 2nft Ç = nz/L 
Qe = n'EI/L» e = Qg/AE 
p = P/Qg h = Q/Qa 
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With these new quantities, then Eq. (3-1) for lateral motion becomes 
f* a'w a'w 
(3-9) ( ) = (p + hc0ST\) 
fo*e flrj' 3Ç* 
Adopt the natural boundary conditions of 
w = 9*w/0Ç' = 0 for Ç=0 and Ç=Jt 
This set of boundary conditions are satisfied when w has a solution in 
the form of a Fourier Sine Series as follows . 
(3-10) w= r Fa(S)sin(n5) 
nsi 
Equation (3-10) is a solution of Eq. (3-9) provided that the function 
F q(Ç) satisfies the following differential equation 
d'F* 
(3-11) —— + (oj^ + PqCOSÇ) Fg = 0 
dÇ® 
in which and pg are 
fo*B 
(3-12) Oj^ = n®( ) (n* + p) 
fo*8 
(3-13) Pn = n*( ^^ )(h) 
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Figure 3-2. A three span transmission line with 
elastic suspension rods 
Equation (3-11) is a form of the Mathieu equation which is well 
known for its stability characteristics. A certain analogy exists 
between the above example and that of a suspended catenary. In the 
simple model of Fig. (3-2), the suspension rods are supported so that 
the forces and motion of the span can be transmitted to neighboring 
spans. The midspan can be considered a cable that is pretensioned by 
its weight. At both ends, the oscillatory loading can be 
transmitted from and to the neighboring spans. This analogy between a 
three span catenary and the previous example suggests that a Mathieu 
type stability may exist for the transmission lines. The nonlinear 
nature of the catenary suggests that a more complicated mathematical 
model may be required. No effort was attempted here to develop such a 
complete mathematical model for the stability analysis. It is 
suspected that this type of stability may play a significant role in 
certain catenary vibration problems. 
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Effect of the Coupling Parameter on a Taut String 
In this section, the effect of coupling parameter was added to a 
taut string. For a taut string model, tension throughout the string is 
generally assumed constant. If this assumption is dropped and the 
tension is changed by the amount B(98/3i), then the governing 
differential equation becomes 
ae (3—14) (P + B—) — = m — 
ax ax* at* 
where v is the lateral displacement and B is the coupling parameter 
that was introduced in Chapter II. For a free-free boundary condition, 
one possible solution for 6 is of the form 
(3-15) 0 = Q»(ax + b)"sinwt 
so that the coupling tera becomes 
38 , (3-16) B— = (BaQ)«sinu>t 
ax 
Substitute Eq. (3-16) into Eq. (3-14) gives 
a*v a'v 
(3—17) (P + BaOsinwt) — = m —— 
ax' at' 
Using the separation of variable method, to express v as 
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V = 
so that Eq. (3—17) becomes 
(3-18) (P + BaQ«sinut)VxV"x = mVxVx 
This leads to the Eq. (3-19) 
V"x mVT (3-19) = = -X* 
Vj (P+BaOsinwt) 
From Eq. (3-19), two equations result 
(3-20) V"x + = 0 
X'(P+BaO* sin(i)t ) 
(3-21) Vx + Vx = 0 
SI 
Again, Eq. (3-21) possesses a form of a Mathieu equation. This simple 
analysis suggests that when torsion is included in a linear model, an 
innocent taut string vibration can be easily turned into a stability 
problem. It is not unreasonable to suspect that a similar stability 
problem may exist for the nonlinear sagged transmission line. Again, 
no detailed analysis is being attempted here. Interested persons are 
encouraged to develop a theoretical model for the stability problem of 
a sagged transmission line. 
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CHAPTER IV. GOVERNING DIFFERENTIAL EQUATION FOR A SAGGED 
TRANSMISSION LINE 
Simpson's model [48] was selected for the current study because 
this model is general enough to include axial, lateral and torsional 
motion. The following derivation is based on the work by Simpson 
except that the torsional coupling term is included. 
The governing differential equation of a simple catenary relative 
to an inertial orthogonal (%,Y,Z) coordinate system is derived in this 
chapter. The catenary is first assumed to be noneztensional, and then, 
the elasticity effect is included. In Fig. (4-1), a symmetrical 
Figure 4-1. A symmetrical catenary with inertia 
coordinates X,T,Z 
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catenary is sketched along with the inertial (X,T,Z) coordinates. It 
is convenient to have the length parameter, s, measured from the center 
of the catenary. The directional cosines at a given point are defined 
by 
(4-la) a = dz/ds 
(4-lb) P = 3y/3s 
(4-lc) Y = dz/ds 
Then, the tension force, P, and its components at an arbitrary point A 
can be expressed by 
(4-2a) Pj = P(9x/3s) 
(4-2b) Py = POy/as) 
(4-2c) Pg = POz/ds) 
At a second point B located at a distance 5s from point A, the tension 
force components are 
(4-3a) (P%)' = P% + (0P%/9s) 6s 
(4-3b) (Py) ' = Py + OPy/as) 6S 
(4-3c) (Pz) ' = Pz + OPz/as) 8s 
The mass per nnit length of the cable is denoted by, m(s), so that the 
inertial force, 6f, over a cable segment of length 8s is given by 
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— 9*x — 9'y — 
8f = m(s) (——) (ôs) i + m(s)(—)(6s)j 
at» at» 
a*z 
+ m(s) (——) (6s)k 
at» 
Application of Newton's second lav gives 
V 1 a ax ^ (4—4a) —— = —— —(P —) 
at» m(s) as as 
a y 1 a ay ( 4-4b ) — = ——- —(P ——) - g 
at» m(s) as as 
a'z 1 a az (4—4c) —— = —— —(P —) 
at» m(s) as as 
Equation (4-4) are three scalar equations for the free motion of 
the system. However, these equations contain the four unknowns of 
z(s), y(s), z(s) and P(s). A fonrth equation is required to completely 
specify the system. This equation comes from the compatibility 
requirement for the direction cosine which is 
(4-5a) o' + p' + y" = 1.0 
By using Eq. (4-1), Eq. (4-5a) can he written as 
29 
9% , 9y , 9z , (4—5b) (——) + (—) + (—) =1.0 
9s 9s 9s 
Up to this point, no elasticity was included in the model. However, in 
reviewing the literature, it is clear that the elasticity of the cable 
is important in determining the equation of motion. Hence, Eqs. (4-1) 
to (4-5) are modified to include the elasticity by introducing a new 
parameter t which is defined as 
(4-6) T = 1 + (P/AE) 
It follows that 
(4-7) 6s = ( 1 + P/AE ) 6s 0 = T 6S O 
where ÂE = axial stiffness of the cable 
So = unstretched length parameter 
r = measure of the elastic stretch 
Use of the chain rule of differentiation gives 
9z 9z 9s 0 9z 1 
(4-8) — = (—) (—) = (^—) (—) 
9s 9s0 9s 9s0 T 
so that Eq. (4-3a) can be written as 
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9Px 
ÔPj = (Pj) — = 5s 
ds 
1 
— (T) 8S 0 
dso T 
d s c  
Sso 
Recall that = POx/ds) 
a dz 
so 5P, = — (P—) 6s 0 
dso ds 
This leads to the Eq. (4-9a) 
a P 01 (4—9a) 6Pj = ) 5s0 
dso T dso 
Similaxly 
a F ay (4—9b) 5Py = ( —) 5s 0 
aso t aso 
a p az (4—9c) SPg = (— —) 5s 0 
d s o  T  a s o  
Thus, for free oscillations, the differential equations of motion 
become 
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a*x 1 3 p ax (4-lOa) = [ ] 
at' m(s) 3so T dso 
a'y 1 a p ay ,  (4-1 Ob) = [ ] — g 
at' m(s) aso r aso 
a'z 1 a p az ,  
at' m(s) dso t aso 
The differential equation for torsional motion can be obtained from Eq. 
(4-lOa) by replacing tension P with torque T, displacement x by angle 
9, and mass per unit length m(s) by mass moment of inertia per nnit 
length I(s) to give 
a*e 1 a T ae 
at' i(s) aso T aso 
By combining Eqs. (4-5) and (4-6), the modified compatibility equation 
becomes 
(4-11) (-^)'+( Jl-)»+(-îl.)* = (l+P/AE)' = T* 
aso aso dso 
Equation (4-10) and Eq. (4-11) completely defined the motion of a 
elastic sagged cable vibration. However, the static equilibrium of the 
catenary must be determined before any simulation process can be 
started. When the elastic catenary is in static equilibrium position, 
the accelerations are zero, thus 
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fl'x 9*z 
= 0 , ——— = 0 , —— = 0 
at» at» at» 
and Eq. (4-lOa) becomes 
P ax (4-12) — — = H 
T 3s„ 
where H is the constant of integration on so. Equation (4-12) can also 
be written as 
ax H p 
(4—13) — = — (1 + —) 
so p aE 
Equation (4-1Ob) becomes 
a P ay , (4-14) —(— —) = mg or 
dso X dso 
ay P T (4-15) — = (mgso/P)(l + —) = mgso(—) 
dso AE P 
The constraint equation for the static equilibrium condition becomes 
(4-16) (—) ' + (-—) ' = t* 
dso dso 
T* = T'[(H/P)* + (mgso/P)'] 
P* = H* + (mgso)* 
At midspan, so=0, so that E=P at midspan. Physically. H is the 
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static tension at midpoint of the catenary. H can be calculated by 
using the static equilibrium equation for a sagged cable. This 
equation is listed in many statics textbooks [49]. After H is 
determined by static equilibrium equation, the equilibrium position of 
the catenary can be numerically determined. A computer program is 
listed in Gawronski's Ph.D. thesis [9]. After the static equilibrium 
position is calculated, an arbitrary initial deflection is assumed to 
initiate the vibration. A half sine wave is used in order to excite 
the lowest symmetrical modes. The numerical work to achieve the 
simulation is presented in the next chapter. 
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ŒAFTER V. SIMULATION 
In Chapter IV, a governing differential equation for a elastic 
catenary is presented. A theoretical closed form solution for this set 
of equations is not known to be available in the literature. However, 
important information about the natural frequency of cable vibration 
can be obtained by utilizing a computer simulation. Once the 
equilibrium position of the catenary is determined, an arbitrary 
initial deflection can be assumed. The problem is then turned into a 
initial value problem. To be numerically feasible, the original 
continuous differential equation must be discretized. A continuous 
differential equation with an infinite number of degrees of freedom is 
to become a set of equations with a finite number of degrees of 
freedom. After discretization, Eq. (4-10) can be written as: 
(5-la) <T7T>i = t 
at»  
1 5 c vs. 
m(s)dso T dso Hi 
i = 1,2,3 , • • • ,n 
i = 1,2,3, 
i = 1,2,3 , • • • ,n 
The numerical technique used here is similar to the finite difference 
method except the differentiation process. Traditional finite 
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difference method uses the so called forward difference, central 
difference and backward difference which does an inadequate job in 
differentiation. The disadvantage of the central difference method 
becomes obvions when nonlinearities are encountered. The traditional 
finite difference technique was first used in this research but failed 
to obtain a convergent time history at each node on the catenary. The 
main simulation difficulty appeared to be the differentiation process 
so that a better numerical technique was sought after to overcome this 
problem. It was determined that the spline method offered a solution 
to this problem. The spline method is a well-developed technique that 
is capable of producing smooth derivatives. Even though a higher order 
spline is available, the cubic spline is chosen for simplicity and 
economic reasons since the cubic spline requires less CPU time than the 
higher order splines. 
The original purpose of the cubic spline is to obtain a smooth 
interpolating function for a set of discrete data. This interpolating 
fœiGtios is çonstrtiçted such that a smooth first derivative can be 
generated. The construction of a cubic spline is briefly described as 
follows [50]. Suppose that there are a series of discrete points si 
(i=l,2,3,•••,n) which, in general, are not evenly spaced. The 
corresponding functional values are denoted by f(s£). Now, consider 
two arbitrary adjacent points s^ and si+i. A cubic polynomial can be 
fit into these two points and be used as an interpolating function to 
predict the interior functional value at arbitrary points between s^ 
and Si+i. This cubic polynomial can be written as 
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(5—2) Fi(x) = ao + axs + azs* + ass* 
There are four nnknown constants in equation (5-2) but only two 
conditions are immediately obvious. These are 
Fi(si) = f(si) and Fi(si+i) = f(si+i) 
It is user's freedom and responsibility to choose the two remaining 
conditions to accomplish the objective of smoothness. The most 
effective approach is to match the first and second derivatives (slope 
and curvature) of Fi(s) to those of the cubic polynomial Fi-l(s) used 
for interpolation on the adjacent interval S£_x < s < s£. If this 
procedure is performed on all intervals in the region [si^Sq] of 
interest (with special treatment at the end points), then an 
approximating function for the entire region can be constructed. This 
approzisatias function consists of a set of cubic polynomials Fi(s) 
(i=l,2,3,""',m-l). Let this approximating function for the entire 
region be denoted as g(s) and be called 'cubic spline'. It is 
convenient to note that due to the matching of second derivatives of 
the cubics at each point S£, the second derivatives of g(s) are 
continuous over the entire region [si,sa]. 
Prom Eg. (5-2). it is obvious that the second derivative of a 
cubic is a straight line, so the second derivative of g(s) varies 
linearly over each interval. Sue to this linearity, the second 
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derivative at any point s (sj < s < sj+i) is given by 
(5-3) g"(s) = g''(si) + — g (si+i) 
Si+l-Si 
Integrating this equation twice and applying the two conditions gCs^) 
f(si) and g(si+i) = f(si+i), it can be seen that for sj < s < s^+i 
g"(Si) (Si+l-s)» 
(5-4) g(s) = Fi(s) = — [— Asi(si+i-s)l 
6 As I 
g"(Si+l) (s-si)' 
+ ———- [——— - Asi(s-sj)] 
6 Asi ^ 1 
Si+l-s s-sj 
. + f(Si)[ ] + f(si+l)[ ] 
Asj Asi 
where Asj = s^+i - $£ 
Equation (5-4) provides the interpolating cubics over each interval for 
i=l,2,3,•••,n-l. Since the second derivatives g'(si) (i=l,2,3,••• ,n) 
are still unknown, they must be evaluated before equation (5-4) can be 
effectively used. The second derivatives can be found by using the 
derivative matching conditions of 
(5-5) Fi'(si) = F'i-i(si) 
Fi"(si) = F\_i(si) 
Equation (5-5) is simply equivalent to stating that g'(si) and g'(si) 
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are the same when S£ is approached from either side. Applying these 
conditions to (5-4) for i=2,3,•••,n-l and collecting terms will yield a 
set of linear simultaneous equations of the form 
Asi«i 2(si+i-si_i) 




= 6 [—: ] 
(Asi)» (Asi)(Asi>i) 
i = 2,3," n-1 
If the s are evenly separated with spacing As, then Eq. (5-6) is 
considerably simplified and becomes 
(5-7) [l]g''(si_i) + [4]g''(si) + [l]g''(si+i) 
f(si+i)-2f(si)+f(si_i) 
= 6 [ 1 
(Asi)» 
i = 2i3 4•••*a-l 
Both Eqs. (5-6) and (5-7) have n-2 equations and n unknown curvatures 
g'(si), g'(s2) #**• »g'(sii) which include the end points. The two 
necessary additional conditions are obtained by specifying the end 
point conditions on g"(s]^) and g''(Sg). Here, assume free moment at 
both ends so that g''(si)=0 and g'*(sn)=0. Eqs. (5-6) or (5-7) is now 
complete and can be solved for g"(s2), g''( S3), • • • ,g" (s^-i) . The 
simultaneous equations can be arranged to a tridiagonal matrix [50]. 
The tridiagonal matriz can be solved by Gauss Elimination [50] . After 
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are the same when S£ is approached from either side. Applying these 
conditions to (5-4) for i=2,3,•••,n-l and collecting terms will yield a 
set of linear simultaneous equations of the form 
Asi-i 2(si+i-si_i) 
(5-6) [ lg''(si_i) + [ lg''(si) 
A s j  A s j  
+ [l]g''(Si+l) 
f(si+i)-f(si) f(si)-f(si_i) 
=  6  [ —  ]  
(Asi)» (Asi)(Asi_i) 
i = 2,3 , • • • ,tt-l 
If the s are evenly separated with spacing As, then Eq. (5-6) is 
considerably simplified and becomes 
(5-7) tl]g''(si-i) + [4]g"(si) + [l]g"(si+i) 
f(si+i)-2f(si)+f(si_i) 
= 6 E 1 
(Asi)» 
i = 2,3, — ,=-1 
Both Eqs. (5-6) and (5-7) have n-2 equations and n unknown curvatures 
g'(si), g'(s2)f•••.g'(sn) which include the end points. The two 
necessary additional conditions are obtained by specifying the end 
point conditions on g" (si) and g'Xsg). Here, assume free moment at 
both ends so that g'(si)=0 and g"(s^)=0. Eqs. (5-6) or (5-7) is now 
complete and can be solved for g"(s2)» g'*(S3) ,• • • ,g"(sn-j). The 
simultaneous equations can be arranged to a tridiagonal matrix [50]. 
The tridiagonal matrix can be solved by Gauss Elimination [50] . After 
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g"(s£) is determined, g'(s) can be determined by differentiating Eq. 
(5-4) with respect to s. 
Based on the cubic spline technique, a computer program was 
developed to simulate the catenary vibration. Since only the vertical 
motion is of interest, the vibration is constrained in the X-T plane. 
Suppose the static equilibrium position of the catenary is determined 
and a half sine displacement is assumed. At each node along the 
catenary, the current accelerations in both the X and Y directions are 
calculated from Eq. (5-1) by using the cubic spline technique. Then, 
the fourth order Runge-Kutta technique is applied to predict the new 
velocity and position for both X and Y for the next time step. This 
process is repeated for each and every node along the catenary. After 
a cycle is completed, the new position for the entire catenary is 
determined. A flow chart diagram is shown on Fig. (5-1). A time 
history is recorded at different points along the catenary. A 
frequency analysis of the time history is calculated by using the 
ccmputer package IMSL (International Mathematical and Statistical 
Library). The result from using this simulation approach is presented 
in the next chapter. 
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Figure 5-2. Simulation Algorithm 
41 
v x 4 , v y 4 , V 0 4  
i 4 , y 4 , 9 4  
C a l l  A C C E  i ' , y ' , 9 '  — — I  V I 
I a x 4 , a y 4 , a 0 4  
P=AE(t-1.0)+B0 
m 9 s 
V X J  =  VXi_ 1 + (axl+2ax2+2ax3+ax4)* A / 6  .0 
•71 = vyi-1 + (ayl+2ay2+2ay3+ay4)•A/6  .0 
V0 i = v0 i_ 1 + (a01+2a02+2a03+a04) * A / 6  .0 
Zi = 1 + (vxl+2vx2+2vx3+vx4)•A/6 .0 
Yi = Y i -1 + (vyl+2vy2+2vy3 +vy4)*A/6 .0 
6i = Gi-1 + (v01+2v02+2v03+v04)* A / 6  .0 
j = j+1 
j=M NO 
YES 
c STOP ) 
F i g u r e  5 - 3 .  C o n t i n u e d  
42 a 
CHAPTER VI. SIMULATION RESULTS 
An ACSR (altminnm conductor steel reinforced) electrical conductor 
(model: DRAKE 26/7) is used in this study. This particular conductor 
has the following mechanical properties 
weight per unit length w = 1.094 (lb/ft) 
axial stiffness AE = 7.909 Eg (lb) 
mass moment of inertia per unit length I = 36.25 E-6 (Ib-sec^-ft*) 
torsional stiffness 6J = 389.72 (Ib-ft*) 
coupling parameter B = 18.33 E3 (Ib-ft) 
A single span catenary with 1000 feet span length is used for the 
simulation. Both ends are assumed fixed in both translation and 
rotation. Tke catenary is equally divided into 20 segments (Fig. 
iîidfciiîjis **• Neds H d.s 
located at the midspan and node 6 is located roughly at 1/4 of the span 
length from the left end. The initial condition is a half sine 
vertical (or torsional) displacement with zero initial velocity. The 
acceleration for each node is evaluated by Eq. (5-1). Then, the 
Runge-Kutta numerical technique is used to predict the velocity and 
position at the next time step for each and every node. This routine 
is repeated to obtain as many data as required. The time step for 
numerical integration must be small enough to obtain convergent 
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Figure 6-la. Discretization of a catenary 
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results. For the case of uncoupled vibration, a time step of 0.005 
second is adequate. For coupled vibration, a time step of 0.003 second 
is used. 
The simulation results of an uncoupled cable are checked by three 
different ways, they are 
1). Taut string model 
2). Shea's criterion on the critical sag value 
3). Experiments on thin wire catenary vibration 
The simulation program was first used on a 1% catenary. It was 
anticipated that a shallow catenary should behave like a taut string. 
, The taut string model is a well-known classical problem. This model 
assumes that the tension is a constant through the cable and neglects 
the axial motion. The simulation results of a 1% catenary are shown on 
Fig. (6-1) through Fig. (6-5). The 1% catenary has a static tension of 
13677 lb st the sidspan. An integration tisc step cf 0.005 sec 
used. A time history of 12 seconds was recorded at node 6 (Fig. 6-1) 
and node 11 (Fig. 6-3). Frequency analysis of the time history was 
calculated by using IMSL (International Mathematical and Statistical 
Library), subroutine FFTRC. The time history at both node 6 and node 
11 have a frequency content of 0.333 Hz which is shown on Fig. (6-2) 
and Fig (6-4). On Fig. (6-5), a one loop deformation for the entire 
span is shown. A taut string model predicts the fundamental frequency 
as 
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fl = (l/2L)(P/n)V» 
= (1/2000)(13677*32.2/1.094)1/1 
= 0.317 (Hz) 
where P = the tension at midspan (lb) 
m = mass per iinit length (Ib-sec^/ft*) 
L = span length (ft) 
There is a 4.8 percent error which is tolerable considering the amount 
of numerical work involved. The tant string model also predicts a one 
loop mode shape associated with the lowest natural frequency. There is 
a good match between the simulation technique and the theoretical taut 
string model for the 1% sag-span ratio catenary. 
A 3% catenary was the second case studied. The simulation result 
and frequency analysis are plotted on Fig. (6-6) through Fig. (6-12). 
Static tension of a 3% catenary at midspan is 4564 lb. Time history at 
scde 3 of this catenary is shows on Fig, (6-6), Its frequency analysis 
is shown on Fig. (6-7). The time history at node 8 is shown on Fig. 
(6-8). Its frequency analysis is shown on Fig (6-9). Lowest three 
frequencies are 0.467 Hz, 0.667 Hz, and 0.934 Hz. Time history and 
frequency analysis at node 11 (midspan) are also shown on Fig. (6-10) 
and Fig. (6-11). It is interesting to note that the calculated midspan 
motion does not contain the second natural frequency of 0.667 Hz. On 
Fig (6-12), deflection for the entire span of a 3% catenary is plotted. 
It was surprising to see that after some transient time, the vibration 
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mode no longer holds to a single one-loop shape. This phenomenon can 
not be explained by the simple tant string model. Nonlinearity 
obviously begins to play a role in determing the vibration mode of the 
catenary. From the literature survey, it was found that the 
theoretical work by Joseph F. Shea [51] agrees with the results from 
the current study. 
Shea used the Hamilton's principle to study the vibration mode of 
a catenary. He derived a critical sag value 
fo = (jtL/2) (pgL'/jtEA)^/' 
where L = span length (ft) 
L' = half span length (ft) 
pg = weight per unit length (lb/ft) 
EA = axial stiffness (lb) 
Shea concluded that if the sag f is smaller than fo, the first odd mode 
shape is a one loop mode. If thé sag £ is larger thaii fo, the first 
odd mode shape is a three loop mode shape. Shea's criterion is 
summarized on Fig. (6-12c). For convenience, instead of using the 
critical sag value fo, the sag—span ratio fo/L is used in this study. 
fo/L = (jt/4)(pgL'/jtEA)^/' 
= (jt/4) (1.094*500/n7.909 B6)V' 
— 2 #2% 
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The simulation program generates a one loop vibration for a 1% catenary 
(1%<2.2%) and a three loop vibration for a 3% catenary (3%>2.2%) which 
agrees with Shea's criterion. 
Finally, the 5% catenary vibration simulation results are shown in 
Fig. (6-13) through Fig. (6-17). The time history at node 6 of a S% 
catenary is plotted on Fig (6-13). Its frequency analysis is shown on 
Fig (6-14). The time history at node 11 is shown on Fig (6-15). Its 
frequency analysis is shown on Fig. (6-16). The 5% catenary vibration 
has three lowest frequencies of 0.467 Hz, 0.667 Hz and 0.934 Hz which 
are the same as the 3% catenary vibration. This observation suggests 
that the initial tension due to the cable's own weight in a nonlinear 
catenary is not critical in determining the natural frequencies. Fig. 
(6-17) shows the deflection for the entire span of a 5% catenary. 
Results of 1%, 3% and 5% catenary frequency contents are summarized on 
Table 6-1. 
Up to this point, the simulation program appears to work very well 
for a catessry without the coupling sffest aeeoïding to the comparison 
with the taut string model and Shea's criterion. 'However, to cross 
check the validity of this program, a simple experiment was performed 
to measure the natural frequency of a single thin-wire catenary that 
has a 330 inch span. An optical system (model 3 9, S/N 072) 
manufactured by FHYSITECH is used to detect the wire motion at a 
particular point on the catenary. "Oie optical tracker's electrical 
output signal is recorded in the memory of the NORLAND 3001/DMX digital 
oscilloscope and displayed on its cathode ray monitor. The Norland's 
461) 
Table 6-1. Summary of frequency contents for different 
sag-span ratio catenaries 
Static Tension 
at Midspan (lb) 
Frequency 
Contents (BZ) 
1% 13677 0.333 
3% 4564 0.467 0.667 0.934 
5% 2744 0.467 0.667 0.934 
Table 6-2. Frequency contents of thin wire vibration 
Frequency contents (EE) 
1% 1.86 3,66 5.96 
3% 2.14 3.03 4.29 
5% 2.34 3.42 4.39 
Table 6-3. Natural and excited vertical frequencies 
for the 3% catenary 
Frequency (KS) 
Natural 0.467 0.667 0.934 
Excited 0.5 1.3 1.7 
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bailt-ia Fast Fourier Transform digital frequency program is used to 
analyze the frequency components of this motion. The results of the 
experiments are shown on Figs. (6—18) and (6-19) and summarized on 
Table (6-2). It is interesting to notice that the 5% thin wire 
vibration has a swing mode with a natural frequency of 1.56 Hz. This 
mode which corresponds to a gentle swinging of the wire in the plane of 
the catenary, did not show up in the 1% thin wire vibration while it 
was barely detectable in the 3% thin wire vibration. No contradictory 
results were observed between simulation and experiment. 
The effects of the coupling parameter are examined in two ways. 
First, the initial vertical deflection is assumed and the corresponding 
torsional responses are studied. The results of this study are shown 
on Fig. (6-20) thrugh Fig. (6-24). Second, initial torsional 
deflection is assumed and the corresponding vertical responses are 
studied. Hie results of this study are shown on Fig. (6-25) through 
Fig. (6-30). The initial conditions for the vertical motion are those 
of a half sine %zve for deflections and zero for velocities. The 
torsional motion at node 3 and node 8 are recorded and shown on Fig. 
(6-20) and Fig. (6-22). They have a rather complicated signal compared 
with straight rod torsional vibrations. Frequency analyses are diown 
on Fig. (6-21) and Fig. (6-23). The four lowest frequencies are 1.0, 
2.0, 2.6 and 3.1 Hz. The corresponding torsional motion that is 
excited through the coupling effect has an antisymmetrical shape for a 
fixed-fixed end condition as shown on Fig. (6-24). 
Ihe second situation mentioned above which is the most important 
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part of this research can now be studied. Combining Eq. (4-10), Eq. 
(2-1), and Eq. (2-2) shows that torsional, axial, and vertical motion 
mast be solved simultaneously. It is clear torsional motion causes 
axial motion due to the coupling effect and that axial motion in turn 
causes vertical motion from Eqs. (4-10). For simplicity, an initial 
half sine angular deformation is assumed. Vertical motion is induced 
I 
through the coupling effect. Results are plotted on Fig. (6-25) 
through Fig. (6-30). Fig..(6-25) shows the vibration mode for the 
torsional motion. The shape is skewed which is believed to be caused 
by the coupling effect. Fig. (6-26) shows the vertical vibration mode 
that is induced by torsional motion through the coupling effect. This 
vertical vibration pattern is very similar to the uncoupled vertical 
vibration mode. The time history at node 3 is shown on Fig. (6-27). 
Its frequency contents are shown on Fig. (6-28). The time history at 
node 8 is shown on Fig. (6-29) . Its frequency contents are shown on 
Fig. (6-30). Table (6-3) lists the three lowest frequencies of the 
nstursl and excited vertical vibration» It is interesting to notice 
that for this particular initial condition the second and third excited 
frequencies are approximately twice as high as the corresponding 
vertical natural frequencies. The simulation results confirmed the 
fact that a torsional vibration will cause the vertical vibration at 
its lowest natural frequency. 
When the transmission cable is covered with ice, both density and 
mass moment of inertia of the cable is changed. The mass moment of 
inertia I is defined as 
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I = / r' dm 
= p/ r'dv 
where p is the density-
Mass moment of inertia I is proportional to the density and the fifth 
order of length. The density of the ice is much smaller than the steel 
or alnminnm. So, the density of the cable is not changed much when 
covered by ice. However, mass moment of inertia can be changed 
significantly due to the dimension change. To study the effect of mass 
moment inertia, a range of I values was used in the simulation program 
while weight per unit length was artificially kept constant. It was 
found that vertical motion practically remains the same while the 
torsional fundamental frequency decreases significantly when I 
increases (Fig. 6-31). For this case, when I approximately equal to 
9.0 lo do is the mass moment of inertia per unit length without any 
icê ccating), ths vertical fundamental natural frcqucncy is equal to 
the torsional fundamental natural frequency. This condition of equal 
resonant frequencies can lead to a serious condition of aerodynamic 
instability, and the resulting galloping phenomenon. 
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Figure 6—1. Time history at node 6 of a 1% sag-span ratio 
catenary. No coupling effect is included 
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Figure 6-2. Frequency analysis of time history shown in Fig. 6-1 
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Figure 6—3. Time history at midpoint of a 1% sag-span ratio 










4. 80 4. 00 3. 20 2. 40 1. 60 0. 00 0. 80 
FREQUENCY (HZ) 







0. 00 2.00 4. 00 I  6 . 0 0  
X-AXIS (FT) 
12. 00 8.00  
Figure 6-5. Deflection measured from the equilibrium 
position at different time for a 1% sag-span ratio 
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Figure 6-6. Time history at node 3 of a 3% sag-span ratio 
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Figure 6—8. Time history at node 8 of a 3% sag—span ratio 
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Figure 6-9. Frequency analysis of time history shown in Fig. 6-8 
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Figure 6-10. Time history at midpoint of a 3% sag-span ratio 
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Figure 6—12a. Deflection measured from the equilibrium 
position at different time for a 3% sag-span 
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Figure 6—12b. Deflection measured from the eqiij 1 ibr i tim 
position at different time for a 3% sag—span 





Figure 6-12c. Shea's criterion on first odd mode shape 
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Figure 6—13. Time history at node 6 of a 5% sag-span ratio 
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Figure 6-14. Frequency analysis of time history shown in Fig. 6-13 
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Figure 6—15. Time history at midpoint of  a  5% sag-span  r a t io  
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Figure 6—17a. Deflection measured from the equilibrium 
position at different time for a 3% sag—span 
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Figure 6-17b. Deflection measured from the equilibrium 
position at different time for a 5% iug-span 
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Figure 6-20. Torsional motion induced by vertical motion. 
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Figare 6-22. Torsional motion induced by vertical motion. 
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Figure 6-24a. Torsional motion induced by vertical motion 
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Figure 6—24b. Torsional motion induced by vertical notion 
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Figure 6—25a. Free rotational motion for the entire span of a 3% 
sag-span ratio catenary. Initial torsional 
displacement was assumed. Conpling effect is 
included 
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Figure 6—25b, Free rotational motion for the entire span of a 3% 
sag-span ratio catenary. Initial torsional 
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Figure 6—26a. Vertical notion induced by torsional motion 
for a 3% catenary 
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Figure 6—26b. Vertical motion induced by torsional motion 
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Figure 6-27. Vertical motion induced by torsional motion 
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Figure 6—29. Vertical notion induced by torsional motion 
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natural frequency vs. I/Io 
(1 - mass moment of inertia) 
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ŒAFTER VII. SUMMARY AND CONCLUSIONS 
The primary interest of this research is to study how the coupling 
parameter affects the in-plane vibration of a sagged transmission line. 
McConnell and Zemke developed the theoretical and experimental values 
of this coupling parameter. Simpson's elastic catenary model is used 
as the basic model which is modified by incorporating the coupling 
parameter. A cubic spline technique is necessary to do the numerical 
differentiation with respect to the space variable without serious 
numerical instabilities. The Runge-Kutta numerical technique is used 
to do numerical integration with respect to time. An integration step 
of 0.005 sec is adequate to generate smooth time history for the 
uncoupled cable. For the coupled cable, an integration time of 0.003 
second was used. The validity of the simulation program is checked 
against the taut string model for shallow sag-span ratios. Shea's 
theoretical analysis for critical sag-span ratio- and experimental 
testing on a thin wire catenary. The comparisons were satisfactory. 
Finally, the coupling parameter was included in the simulation program. 
Several conclusions can be made 
1. Numerical technique is an adequate alternative method for 
studying cable dynamics. 
2. The vertical mode diapes and the associated frequencies of 
the catenary vary with the sag-span ratio. 
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3. Mathieu's type of instability is a potential hazard for elastic 
suspended and/or coupled cables. 
4. Torsional motion can cause vertical motion for a sagged and 
coupled transmission line. This observation supports the 
torsional mechanism proposed by Nigol and Buchan. 
However, the author does not claim that this coupling parameter 
is the unique explanation for the torsional mechanism. 
5. Mass moment of inertia does not affect the vertical natural 
frequencies while torsional natural frequencies decrease as the 
mass manent of inertia increases. Resonance is possible 
when a vertical natural frequency equals a torsional natural 
frequency. 
There are three recommendations for future research 
1. In this study, Mathieu's type of instability concerning the 
elastic suspension rods- and coupled sables are barely touched. 
More theoretical analysis on this subject should be beneficial 
for a better understanding of cable dynamics. 
2. A three span catenarys with elastic suspension rods is a better 
model than a single span model. Experimental work on the 
stiffness of suspension rods and interaction between the 
suspension rods and cable itself may be required. Much more 
CPU time may be needed. A three span model is much more 
complicated than a single span model. However, better 
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results and more valuable data can be expected. 
3. Calculate the added weight per unit length and the corresponding 
change of mass moment of inertia due to the ice coating. This 
procedure will require the calculation of a new equilibrium 
position for each different weight 
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APPENDIX A. AXIAL-TORSIONAL PROPERTIES OF STRANDED CABLES [13] 
The geometry and deformation of a single strand is shown in Fig. 
(A-la). It was assumed that the strand can be treated as a single 
curved line element wrapped on a frictionless cylinder of radius R. 
The pitch length P^  between points A and B on the cylinder of radius R 
fixes the wrap angle g: 
(A-1) tanp = 2nR/Pt 
And the length of the strand for a single pitch P^  is given by: 
(A-2) So = [Pt' + (2nR)*]i/' = Pt[l+tan'p]V 
When we have a conductor of length L, the geometry of Fig. (A-lb) is 
simply scaled np by the ratio of L/P* as shown in Fig- (A-lc)- The 
strain induced into the strand due to an axial deformation 6 and 
rotational deformation 0 is obtained from 
(A-3) Bg = (Sf/S) - 1 = (5/L)cos'p + R(6/L)sinp cosp 
98a 
Figure A-la. Single strand wrapped on cylinder 
Figure A-lb. Single pitch length unwrapped from cylinder 
98b 
Figure A-lc. Deformation of a single strand of length L 
Figure A-2. Force component in the ith unwrapped strand e 
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where Sf = [(L+6)» + (2irRL/Pt + 
S = L [1+tan'p]!/' 
L/S = cosp 
P/2jt = Rcotp 
The final wrap angle P' is given by 
(A-4) tanp' = [tanp/(l+5/L)]•[1 + HBcotp (6/1)] 
From which it is seen that P=P' for practical vaines of 5/L and RO/L 
obtained during actual use of laboratory testing. The strand force 
corresponding to the strand strain becomes 
(A-5) Fg = AEes = AE[cos*p(B/L) + R(e/L)sinpcosp] 
The result obtained for a single strand can be expanded to a conductor 
which has n layers of strands. There are strands in the ith layer 
and the strands are wrapped in opposite directions in each layer. 
The force of the jth strand in the ith layer is shown in Fig. 
(Â-2). The axial force component for this strand becomes 
Fj = Fgj cosPj 
= AEj[cos'p£(&/L) + R^ cos'p^ 'sinp^ C9/L) ] 
From Eq. (A-5), the resultant axial force due to all qj strands in the 
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ith layer becomes 
(A-6) FI = 2 .J 
li 
Fi j-1 
= Q£AE£[COS'PJ^ (S/L) + RJCOS^ PI* SINP^ C 0/L) ] 
li 
where it is assumed that q^ AEi = 2] 
j=l 
The total axial force P is the sim of all axial forces for each of the 
n layers, i.e., 
n 
(A-7) P = Z) Fi = AE(6/L) + B( G/L) 
i=l 
where AE is the effective axial stiffness given by 
n 
(A-8) AE = liAEi'Cos'pi 
i»l 
and B is the coupling parameter given by 
(A-9) B =  ^qiAEiRi*cos'Pi*sinPf 
i-1 
Note that each layer adds in Eq. (A-8) while the layers alternate in 
sign in Eq, (A-9) since the alternate layers have right and left hand 
wrapping directions. Pj is positive as shown in Fig. (A-1) which 
corresponds to a right hand wrap. Eq. (A-7) clearly indicates that the 
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resultant axial load is dependent on rotation as veil as axial 
deformation. If B is positive, then a positive 9 (according to right 
hand screv rule) vill increase P. 
The torsional moment of force Fgj about the centerline of the 
conductor is given by 
= RiFsj'sinpi 
so that the torque due to the ith layer becomes 
Z T j  
j=l 
= (iiAEi[RiCos^Pi(8/L) + Rj^c0spi'sin*pi(8/L)] 
The torque due to all n layers becomes 
(A-10) T = B(5/L) + JG(e/L) 
where the coupling term B is the same as before and the torsional 
stiffness J6 is 
n 
(A—11) JG = 22 liAE^ Ri^ cosPi*sin*Pi + qiJGi 
i=l 
Note that qiJG^  was added so that the torsional stiffness of each 
strand, as though it were a straight strand of length L, would be 
102 
partially accounted for. Since the maximum angle p is about 15 
degrees, this simple manner of including JG of each strand appears 
reasonable. Eqs. (A-7) and (A-10) represent the coupled load 
deformation behavior of the conductor and imply coupled constitutive 
equations of the form: 
(A-12) p = AEOu/as) + Boe/as) 
(A-13) T = BOu/as) + JGOe/as) 
where u and 9 are the local displacements. 
Eqs. (A-8), (A—9), and (A—11) allow us to estimate the values of the 
axial, torsional, and coupling terms. 
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C WO IS THT WEIGHT (LB) PER FT. 















C DEFINE INITIAL POSITION OF THE CABLE. 

































IF (J .EQ. Kl) GO TO 88 
IF (J .EQ. K2) GO TO 88 
IF (J .EQ. K3) GO TO 88 
IF (J .EQ. K4) GO TO 88 
IF (J .EQ. K5) GO TO 88 
IF (J .EQ. K6) GO TO 88 
IF (J .EQ. K7) GO TO 88 
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IF (J .EQ. K8) GO TO 88 
IF (J .EQ. K9) GO TO 88 
GO TO 89 
88 DO 75 1=1,N 
WRITE (7,99) I,UX(I),UY(I),ANG(I) 
75 CONTINUE 
89 WRITE (6,99) J,TIME,UY(3),UY(8),ANG(3),ANG(8) 
WRITE (8,99) J,TIME,UX(3),UX(8) 
IF(J .EQ. M) GO TO 800 
J=J+1 
C 


















































C RUNKE-CUTTA ALGORITHM ENDED 
C 
400 CONTINUE 














C SUBROUTIN ACCE CALCULATE THE CURRENT ACCELATION FOR 





































C SUBROUTINE CUBIC CALCULATE THE DERIVATIVE OF A 










C SUBROUTINE COEFF, TRIDIA, AND FUNT ARE STANDARD 
C PROCEDURE FOR A CUBIC SPLINE TECHNIQUE. 
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